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FOURTH-ORDER APPROXIMATION FOR THE ROTATIONAL DISTORTION OF
STARS OF ARBITRARY STRUCTURE

Zden&k Kopal and M. Kamala Mahanta*®

INTRODUCTION

In a previous investigation [1], hereafter referred to as Paper 1, a new method was
developed for establishing the shape and gravitational potential of an equilibrium config-
uration of arbitrary structure, rotating with constant angular velocity,Jr whose free surface
constitutes an equipotential. This method, whose first approximation is well known under
the name of Clairaut’s theory, is susceptible of extension to any desired order of accuracy;
in Paper 1 it was explicitly extended to the quantities of third order in superficial distor-
tion of the rotating configuration.

An application of this theory to the evaluation of the potential energy of the respec-
tive configuration required to ascertain the limits of its secular stability disclosed, however,
that for homogeneous configurations the errors inherent in a third-order approximation
are still too large to specify the limits of stability with satisfactory precision. Although
for centrally condensed configurations this precision is likely to be much higher, an ex-
tension of the accuracy of our procedure to terms of fourth order appears to be desirable.
The aim of the present investigation will be to accomplish this task and to generalize the
results of Paper 1 consistently to quantities of fourth order.

To do so in a minimum of space, the principal features of the method employed will
no longer be repeated herein; the reader desirous to get acquainted with them should con-
sult Paper 1. Moreover, all notations employed in the present investigation will be made
strictly consistent with those of Paper 1, so that no explanations need generally be given,
What we shall do will be merely to augment the requisite equations by fourth-order terms,
so that a development of the final results to be given in this report will be internally con-
sistent; their numerical applications to problems arising in astrophysics and planetology
will be left to future publications.

EQUATIONS OF THE PROBLEM

By a method developed in section III of Paper 1 (and by an obvious extension of
the expansions represented by Eqgs. 4.2-4.4 of that paper), it is possible to show that if
the symbolic expression for the radius vector r’ is written as-

*Normally at the Astronomy Department, University of Manchester, England.

1t should be stressed again that this method remains equally applicable to variable angular velocity w(r, 6)
as well, provided only that the latter can be expressed in the form of a series factored by zonal harmonics
P, (cos 0) of ascending orders.

Note: Manuscript submitted July 18, 1974.
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r' = a{l + fy + faPy(cos 8) + fyP4(cos 0) + fgPg(cos 0) + fgPg(cos 0) + ...}, (2.1)

it is possible to show that, correctly to quantities of fourth order, the coefficients E; and
F;(j =0, 2, 4, 6, 8) introduced by Egs. (3.35) and (3.36) of Paper 1 assume the forms

- ["el{e[f-d et

e i —%f&&]} da, (2.2)
Ey = faal p%{fz—%f%%f;?—% ;

-2 2 -2 hfy +%f22f4} da, (2.3)
By = fl p;ﬁ-’;{:—z[m - B B2 - s

- 28 172 -8 by - S ol

AT 2] bao, @

“a 5 (1 90 18 .4 50 .2
EG:I pg{ﬁ[fs’fﬁfg—l—l‘fz“'ggh

a

25 14 270 |
-7 fafs — 17 Tefe + S f§f4]} da, (2.5)
R I 1512 .4 _ 1715 .2
By = J; P 3a {E [fB ~ s 2 T 187 s
196 784
~ %5 fofe * 143 fézf4]} da (2.6)

and
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a .
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200 .2 8 72 L2
+%‘§‘§ fa +7f2f4 + ﬁ'fzf4j|} da,

a
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1001 4 * 7 fofs * 143 fofs
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* 75005 f2f4” da,

+
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0 24 144 .4 80 2

F6=J PE{“"[f6+ﬁf23+%‘srfz+®f4
0

40 112 12
+ﬁ fofy + B5 fofe + 11 f2f4]} da,

432 2450

a
- I BT 432 .4 _ 2450 2
Fs_fo paa{“ [f8+143f2 * 1287 1

56 1260 2
* 13 oo * a3 f2f4]} da
as a fourth-order generalization of Egs. (4.13)-(4.20) of Paper 1, with

1 .2 2 3 1 2 2 2
fo=-%5f ~qo5f2 ~gfs ~ 35 fola

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

in order to render the mass of the rotating configuration (Fj) constant correctly to quan-

tities of fourth order.

As the next step of our analysis, we expand again the total potential Y(r')= U+ V +
V' in a Neumann series in terms of the spherical harmonics P;(cos 6) and equate their
coefficients oj to zero for j = 2, 4, 6, and 8. In particular, since the disturbing potential
V(") = (1/2)w2r'2 sin2 0 due to centrifugal force can be expanded in a series of the

form
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, 1 2 9 22 4
V(') = 5 w?a? {1 -5h 35 f3 +5'2—5f23 -3 f2f4}

21l 22 ly 10, 9 2, 26 .3
3"’“{ 77352 * 105 T2

+%‘ f4 - %(7)‘ f2f4} Pz(COS 0)

_2 2,0018 . 9 .2 18 .3 57
3‘*’“{35f2 7 T TR ATl

489 45
* 5005 124 * 143 fﬁ} Py(cos 6)

2 9 o 5 17 41
'—E w202 {7,7 f2 + ﬁ f4 - ﬁ f2f4 - ‘5"‘5‘ fe} PG(COS 0)

2 28 28
-3 w?2a2 {m f2f4 + 65 fG} PS(COS 8) + ... (2.13)

Eqs. (4.21)-(4.23) of Paper 1 can be generalized readily with the result that, correctly
to quantities of fourth order,

a2Ey 4 1 2 16 .3 4 24
5 {1+'7'f2+£f2‘ﬁéf2+7f4+77'f2f4
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9 {‘9”c2 METREITERE

Fo 2 9 . 29 .3
‘T{f2"7f2+§§f2

+

454 4100 o 4 36 .2
1155 2 “eo3 f¢ ~ 7 hfa * 77 f2f4}

Fy 6 111 ,» 1242 .3 6 144
My L RO a Ry TR R U

Fy {10 500 180 2
Yy {7 fo * go3 fa — 77 12

_ w2 | 110 9 2, 2 .3 4. _ 20
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Fo 118 o 108 .3 . 16902 .4
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21468 60 135
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a*Ey [20 108 5 . 80 aSEq 84
oo uftum e +®f4} ‘i3 {1 +‘55‘f2}
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a {77 fa 385 f2 11 faly
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Continued
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Fg 98
" 1347 {1 " B5 fz}

_w2? [9 o 5 . 17 .. 41
e {77 fo + 37 fa — 77 Fofs — 55 fe} ) (2.16)
and
9%E, [ 56 56 a'Ey (168 o . 1960
5 {ﬁ fo * 143 f2f4} "9 {143 f2 * 1287 f4}
aEg (168 a8Eg
13 |65 /2 17
Fo (72 4 84 2. . 490 .o . 56
e {71—5 fa ~ 143 f2fs * Tog7 T4 * g5 Tofe ~ I
_Fa2 144 .3 336 .. 84
543 | 143 12 T 143 214 T g5 J6
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_ w22 [28 28
= 671G {ﬁ fo * 113 f2f4} : (2.17)

Next, let us eliminate from the foregoing equations the quantities E, j (i=24,6,8)
wherever they are multiplied by the fj’s. We may note that, correctly to quantities of
first order, E, can be solved for from Eq. (4.24) of Paper 1; Egs. (4.25) and (4.27) lend
themselves for the same purpose, correctly to quantities of second and third order.
Moreover, Eqs. (4.26) and (4.28) can do the same for E; as can lastly Eq. (4.29) for
Eg. By appropriate insertion from Egs. (4.24)-(4.29) of Paper 1 in Eqgs. (2.14)-(2.17)
of this report, we can rewrite the latter in the following alternative forms:

a?By Fy fpFy
5 5g3 @

Fo ( 6 .2 . 748 ,3 190028 ,4 _ 16
'T{_7f2 *2a5 2 ~ esos 12~ T Il

2308

2. _ B600 2
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Fy (10 338
a8 {—7— fo - ﬁfg (2.18)
a Continued
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450 . . 100404 .3 . 14
77 12 * Bgsg 12 * 13 fﬁ}

Fy {45 10674 .2 . 20
945 {11 fo=Tgar B2 * 17 1

+_..__F6 .1§.g. f
18q7 | 55 '2

w2a2 |50 180 .3
+ {ﬁ' fofs — T fa - 2f6} , (2.20)

127G

and

(ISES F8 sto
+

17 1749 a

Fo [(72 .4, 140 o 2450 2 _ 56
e {_ﬁ& * 5 fifs = TogT 4 T T3 fofe * fs}
Fo [144 .3 1680 28
543 {F fa = a3 fofa * 13776
Fy {490 1764 2 Fs [o8
945 {T4—3' fa =~ 143 2f * 3.7 |5 T2 (2.21)

generalizing Eqgs. (4.27)-(4.29) of Paper 1 to an accuracy of fourth order.

To proceed further, multiply the foregoing Eqs. (2.18)-(2.21) by a'j, (i=24,6,8)
so as to render the coefficients of E: on their left-hand sides constant, and differentiate
with respect to a. The derivatives of F; are merely equal to the integrands on the right-
hand sides of Egs. (2.7)-(2.11); those of E; are equal to the integrands in Egs. (2.2)-
(2.6) taken with the negative sign (since the independent variable a occurs in the lower
limit of the definite integrals for E;). If subsequently we eliminate the terms F, for
n # j (factored by small quantitiesg with the aid of Eqs. (4.24)-(4.29) of Paper 1, valid
to the accuracy of lower orders and similarly treated, it is possible to show that, cor-
rectly to the accuracy of fourth order,

Fo(a) = a2{ (3-mny)fy + % (6— 214 +n§)f22

-2 (51 +B5ng + 1003 + 4n3)f23

35
- (231 — 1107, + 5113 — 6613 — 210372 (2.22)

1158 :
Continued
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4
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25025 (3804 ~ 10521, + 87473 - 12473 - 367n§)f;

40
a7 (13 20y - 214 +n2n4)f2f4

1
* 5005

(40827 ~ 28750m, - 71791,

+362n% + 8732n0,m, - 43661;31?4) 13f4
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*+ 143 (24 —2n9 - 2ng + nzﬂe)fzfs

162
*+3001 (20 4ny + ﬂ4)f4 }Fo
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+ 2 s+ B (3 4my-nd)3

36
+*3gr (18 +17n, - 993 + 3n3)f3

_40
T (4 219 — 21y "‘172724)f2f4} )

9

(2.22)

(2.23)
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Fg(a) = ab {(7—176);‘6‘ 7§ (15 11ny + 573 - nz)fz

+ 2% (20+ 280, + 1705 - 8 + 20 )74

10
19 (18- 87, - 8my + mama) oy

ot

(720 - 2267m, + 4502 — 1340, + 907y, - 27n§n4)f§f4

+
Sleo

28
20 - 6ny +n3)f + 24 - 3’72 3ng +nang)fafsf Fo
99 55

18
~enG {(4 - ne)fe - 7 (13 +11ng - 513 + ng)fg

}1(1) (1 3ny - 3my +’72’74)f2f4}, (2.24)
and
Fg(a) = {(9 ns)fs 52 (24 4n9 - 4ng +fq2n6)f2f6

490

.28
*143 (112 407y + Tnj — 24ny + 14nyny - 3n%n4)f%f4
12 (42320, + 1703 - 6m] + ng)fg} Fy, (2.25)

where F;, continues to be given by Eq. (2.7) and where (as in Paper 1),

N =7 7 (2.26)
denotes the logarithmic derivative of the individual amplitudes f] on the right-hand side
of the expansion Eq. (2.1).

As the last step of preparatory analysis, let us equate Egs. (2.22)-(2.25) for F; i (@)
with Eqs. (2.7)-(2.11) and differentiate both sides of the resulting equations for j = 2, 4,

6, 8. The outcome discloses that, correctly to quantities of fourth order, the amplitudes
fj(a) of jth harmonic distortion should satisfy the differential equations

10



NRL REPORT 7802

a2fl + 6D(af'2 +f2) - 6fy
2 .
=7 {2122(172 +9) ~ 9Dny(ny + 2)}f%
- {7173 + 83 + 1807, + 66 + 3D(2n3 - 1503 - 27, +5)} 3

1
+ 2 {2(7227?4 +15m, +8n,) — 3D(3nyny + 3my + 3n, - 7)} Fafs

4

385 {2(44173 + 39702 + 2T, — 258)

—31)(441;3 +195n2 - 667, - 136)} 4
4
o { 2(311)2174 — 3Ty + 471)% - 13Tng - 110)

—91)(31;31;4 +6nyny + 303 — 34ny +4ny - 10)} 1314

, 100
+5oa { 2n4(n4 + 37) - 3D(3n4 +6m, - 4)} 12

3
1er

a- D){("?z +Dfy + 5 nyng +2)73
+ 2 (20§ - 1503 - 270, + 5)f23

2
7 (3772724 +3ng +3my — )f2f4}

2 2
e (,3;‘55) (1-D) {(n2 F1fy + 2 ny(my + z)fg}

+-L 3w? 3(1 D)( +1 2.27
36 \nGp N2 )fz > (2.27)

a2fl + 61)(af:1 +f4) - 20f,

= -;% {an(nz +2) - 3D(3n% + 67y +7)} 3 (2.28)
Continued
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+ é‘% {2(57;% - 167, + _3) - 3D(3n§ + 972 + 121, + 4)};*3

40
77 {(21?2724 + 2319 + 91)4) - 9D(712724 +Ng t+ 7?4)} fafs

18
* 25025

{2(—2917173 +10068n, + 1020)

—31)(4291;% + 85803 + 220703 + 1144n, - 2656)} 5

—-2 2
~ 5005 { (2002722124 +766n5m, — 1673973

+248341n, +1119407n, + 76386)

+3D(2183n§n4 - 1640m,m, + 218313 — 9560n, — 29957, — 181)} 314

90
143 { 2(7'2"6 28y 4"‘5) - 3D (3’72716 + 376 + 37 ~ 11)} fafe

162
+ 1001{ 2174(7,4 * 30) - 3D(3n4 +6m, - 7)} 12

B (1-D){(n4 +1)fs + 35 (3nF + 60y + 7)1

18 60
*+ 385 (3122 +9n% + 121, + 4)f2 [Tl (722124 +1ng + n4)f2f4}

2
+-é— (?rzp) (1-D) {(774 +1)fy + 95 (3112 +6ny + 7)/'2} (2.28)

3+ 6D(afg +1g) — 42f

18

- {4(3— "72)(7?2 + 2) - 3D(ng +3n% + 150, + 5) }f{;’

10
+19 {2(n2n4 +6m, - 1,) — 3D(3ngng + 3my + 3ny + 11)}f2f4

33865 {2(831;3 + 2257, + 150) - 3D(9n§ +56m, + 104)} 3
+% {2(142 - 1670y — 3104 + 5973 + 131721;4) (2.29)
Continued
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—9D(9n§n4 +18ngmy +9n3 +10n, + 620, + 24)}f§f4
28
+E5 12M2n6 + 6ng + 45 9D(n2ne + 19 +n6) fafe

+22 {2n4(n4 +19) - 3D (31} + 6m, + 4)} 2

3w
+26s (- D){(ne +1)fs + 7y (3nama +3nz + 3ny + 11) fof,
9 3 2 3
+—77 (772 +3ng +16n, + 5)f2} , (2.29)

and
a2fl + 61)(af;3 +f8) - 72fg

- {(71;2 +2n, - 24) - 8D(6n3 + 8)} 7

28 2
+ 2 {2(88 +2my +6ny + 13 — 8nyny)

—3D(3n§n4 +6mym, + 302 +15n, + 5dn, + 23)} 2,

56
490
+ {2n4(n4 +4) - 3D(3nj +6my + 19)} 2, (2.30)

where primes on f; denote differentiation with respect to a and where we have abbreviated

1l
ol

7 5—35 J pa2da, D (2.31)
0

The boundary conditions necessary for the construction of the particular solutions
of Egs. (2.27)-(2.30), which are to represent the amplitudes f; (a) of the individual har-
monics on the right-hand side of the expansion Eq. (2.1) for r , are imposed partly at
the center and partly at the boundary of our configuration. As at the center, all the
fi’s are to be a minimum; the necessary conditions for this to be true imply that

fj(0)=0, j=24,6,8,... (2.82)

On the other hand, at the boundary a = a; all the Ej’s, as given by Egs. (2.2)-(2.6),
vanish; for j > 0 the Fj’s continue to be given by Egs. (2.8)-(2.11) or Eqgs. (2.22)-(2.25),

13
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whereas for j = 0, 4mF(a;) represents by Eq. (2.7) the total mass m; of our configura-
tion. Therefore, inserting Eqs. (2.22)-(2.25) in Eqgs. (2.18)-(2.21), we find that for

a=al
2.3
5 (W
2f2 + alf’z + § (Gm1>
4

2
=7 (n% +3ny + 6)f§ - 3 (2113 +1503 + 30, + 38);‘*3

2
M (27?2’?4 +3my +3ny + 26)f2f4

— (—4212% + 34273 + 60912 + 11757, + 1258);’;1

4
- 7= (93, + 24ngmy + 1Tn, + 1215 + T6m, + 192)73,

100
= 693 (n4 + 31?4 + 20)f4

2 3
2| @'y 1 2 2
+§<G—l>{("2 +8)fy - 1 (203 + 6n, +15)13

+3 (203 + 1503 + 30m, + 41)f3

2
-7 (2"?2774 +3ng +3ny + 29)f2 f4} s (2.33)

4f4 + al f‘,l

3 1+ )

-2 (3n3 + 180 + 44my + 5473

+20
taT (2172"?4 +5n9 +0my + 26)f2 fa

+ gaasE (36703 + 3427n] +12167nf + 211850, + 22278)

1
- 5068 (43661)2174 +23470n4n, + 32289n, (2.34)

Continued
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_%(;. (2172174 +5m + 5, + 35)f2f4} s

6f6 + alfé

18 3
18 (13 + 80} + 24m, + 24)f

+1—51 (2n2n4 +Tng + Ty + 26)f2f4

+-36_

38 (2,72 + 1803 + 69} + 197n, + 144)74

+460n, + 251n, + 1152)73,
14
Ty (2’72"76 +Tng +Tng + 48)f2f6

8 o)t 3 () o

+—$ (ng +8n2 + 241, + 39) r3

-

— T51_ (2172"24 +Tng + Ty + 41)f2f4} s

and
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8fg + arfg

= 771-25 (ng +11n3 + 6102 + 1219, + 110)f;1

28
~ 145 (378na * 20n5m, + 1003 + Tany + 41n, +160)73,

28
+ 65 (2’72"?6 +9ng + 9 + 43)f2 fe

490 2
+ 1987 (1a *4)(ma + 512 (2.36)

SOLUTION OF THE EQUATIONS

A construction of the requisite particular solutions of the simultaneous Eqs. (2.27)-
(2.30) subject to the boundary conditions Egs. (2.32)-(2.36) can be accomplished, as in
Paper 1, only by successive approximations in the following manner. Within the scheme
of a first-order approximation, Eq. (2.27) reduces to the homogeneous equation

a%fy + 6D(afg +f3) — 6fy = O (3.1)

for fo, where D continues to be given by Eq. (2.31). The function D (¢) depends only on
the equilibrium structure of the undistorted configuration and will generally be known to
us only in numerical form. By definition, however, D(0) = 1, and in the proximity of
the origin can be expanded in a series of the form

D@@) =1- N2 + ..., (3.2)

even powers only occurring on the right-hand side on account of spherical symmetry of
our configuration in its undistorted (nonrotating) state.

If so, however, Eq. (3.1) clearly admits, in the proximity of the origin, of a solution
varying as

fo = kot + 32 + ), (3.3)

containing likewise only even powers of a on its right-hand side k4 being an arbitrary
positive constant. Integration of Eq. (3.1) can then proceed (numerically or otherwise)
until a boundary is reached at which a = a; such that D(a;) = 0 and where, by Eq.
(2.83), the surface values of f, and af, should fulfill the algebraic equation

3
2 4 é wzal -
fo *oa1fy * 3\Gm, )= © (3.4)

16
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to quantities of first order in superficial distortion. On account of the homogeneous
nature of Eq. (2.1), the values of fy, as well as resulting from our integration, are pro-
portional to ko; if so, the algebraic Eq. (3.4) valid for a = a; can then be used to specify
the value of the nondimensional parameter w2a1/ Gmy corresponding to the initially
adopted value of k5. Conversely, should we wish to obtain the values of fj(a) corre-
sponding to a specific value of w201 /Gmy, our solution, started with an arbitrary value
of ko (say, k2 = 1), should be accordingly scaled down at this stage.

With a first-order approximation to fy(a) thus in our hands, we can now proceed to
the second-order approximation, which consists of finding a solution of the equations

a%fy + 6D(afy + ) — 6f

= % {2172(1;2 +9) - 9712(722 + 2)}7%

f’r‘a’_ a- D)(n2 +1)1, (3.5)

and

a2fl + 6D(afj1 +f4) - 20,

8
= 32 {2ns(nz + 2) - 3D(30} +6mz + )}, (3.6)
subject to the boundary conditions requiring that at the center
f2(0) = f4(0) = 0, (3.7)

while on the surface e¢ = a4,

3 2.3
5 [w?ai 1 2 (Wi
2 *arfy * 3 (Gm1> - {2nd - ons v 12hri -3 <@1—> (r2+5)r, 9

and

18
4fy + ayfy = 5o (0} +5ma +6)13. (3.9)

As Eq. (3.5) is independent of f,, its solution satisfying Eq. (3.7) can be expanded
near the origin in a series in ascending even powers of a. If, moreover, we note that

8w?2 _ D (3w?
iy (ﬂGp), (3.10)
Be

where p, = p(0) and, consistent with Eq. (3.2),
17
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= 5 3,2
—_—= 1—57\a + ., (3.11)
we find that, correctly to terms of the order of the squares of superficial distortion,

] 11 4k2
= 9 2 S ¥ 3 2.4 _ 2 4
fo = ky {1 + = 1 +v)\g2 + = 14 ( 3 ))\ a 1a7 ANa* + }, (3.12)

where

V= SnGa (3.13)

denotes a constant.*

Moreover, the structure of Eq. (3.6) for f;, solved in a similar way [2], discloses
that near the origin

f4 = k402 {1 + _>\02 + ...}
2 rg {1 - 8200t + B ky2%t

;gg kyL(1+v)A2at + } , (3.14)
consisting of two parts: the first (factored by k,) represents the “complementary func-
tion” of the homogeneous versmn of Eq. (3.6) with its left-hand side equated to zero,
and the second (factored by k2) stands for a ““particular integral” arising from a non-
vanishing right-hand side. The constant k, introduced through the complementary func-
tion is new, and its value must be specified (after integration has been completed) from
the boundary condition Eq. (3.9), just as k5 needs to be recomputed from Eq. (3.8).

The foregoing example makes it clear how to extend this procedure to solve for
each amplitude f;(e) of jth harmonic distortion to the requisite degree of accuracy. The
structure of the differential equations of the form of Egs. (2.27)-(2.30) governing these
makes it evident that near the origin (¢ = 0) the complementary function of each f; will
vary as k; al=2 , and its particular integral will be factored by %j /2. In more spec1flc
terms, 1f we set by definition,

f2(0) = ks, (3.15)

it follows from the structure of Egs. (2.27)-(2.30) in which j(0) =10, that

*Strietly speaking, one should still augment the right-hand side of Eq. (3.12) by quantities arising from pos-
sible biquadratic terms on the right-hand side of Eq. (3.2) or (3.11) which are not spelled out explicitly in
the latter, their inclusion is left as an exercise for the interested reader.

18



NRL REPORT 7802

1400) = 2L 2(0) + oo 12(0) - 202 fh(0) + 13883 12 (0)f, 0)

-135 £ 0)15(0) - 222 2(0)

1311 |
{k2 kS + Wkg + } (3.16)

%fz(om(m o 13(0) + 522 [3(0) + oo £2(0)

f6(0)

45 111
R RET A R (3.17)

and

152 140) - 1238 120)14(0) + 155 Fa(0)fe(0) + ok £2(0)

fg(0)

63
= a3 k2t s (3.18)

correctly to quantities of fourth order; the lowest nonzero derivatives of the f;(a)’s which
do not vanish at the origin are

f5(0) = = Ry(1+ 0, (3.19)
and for j > 2,
F9P0) = -2k, i=4,68,.... (3.20)

The constants k;(j = 2, 4, 6, 8, ...) constitute the “eigenparameters” of our problem,
and their values must be de’oermmed w1th the aid of the boundary conditions Egs. (2.33)-
(2.36) valid at ¢ = a7. Inasmuch as the right-hand sides of Eqs. (2.27)-(2.30) governing
f; are known algebraic functions of fy, fy, ... fj-g, the solution of the entire system evi-
dently lends itself to a solution by successive approximations: first solving for fy to ac-
curacy of first order; next solving for f, and f; to quantities of second order; then con-
tinuing until a solution for the f’s accurate to jth order of accuracy has been established.
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